Abstract. Through an algebraic method using the Dunkl-Cherednik operators, the multivariable Hermite and Laguerre polynomials associated with the A N −1 -and B NCalogero models with bosonic, fermionic and distinguishable particles are investigated. The Rodrigues formulas of column type that algebraically generate the monic nonsymmetric multivariable Hermite and Laguerre polynomials corresponding to the distinguishable case are presented. Symmetric and anti-symmetric polynomials that respectively give the eigenstates for bosonic and fermionic particles are also presented by the symmetrization and anti-symmetrization of the non-symmetric ones. The norms of all the eigenstates for all cases are algebraically calculated in a unified way.
Introduction
In the early 1970's, one-dimensional quantum integrable systems with inverse-square long-range interactions appeared as a new class of nontrivial solvable models, which is now generally called Calogero-Moser-Sutherland (CMS) models [4, 27, 37, 38, 50] in memory of the pioneers. Among the CMS models, the Calogero and the Sutherland models [4, 37, 38] are considered to be the most typical models. The models describe many body systems confined by the external harmonic well or the periodic boundary condition, which are typical of the models in condensed matter physics. In particular, the Sutherland model attracted many researchers because its orthogonal basis were known to be the Jack polynomial [13, 23, 36] among physicists already in early 90's. The theory of the Jack polynomial enabled a calculation of the exact correlation functions of the Sutherland model [11, 15, 42 ] and a related model in condensed matter physics [16] .
The quantum integrability of the two models in a sense that they have enough number of commutative conserved operators are explicitly shown by the DunklCherednik operator formulations of a common structure to the two models [5, 9, 34] . The formulations are extended and generalized from the point of view of the affine root systems so as to cover a wide class of the CMS models and to clarify relationships with other integrable systems [18, 19] . The celebrated Jack symmetric polynomials [13, 23, 36] are the simultaneous eigenfunctions of conserved operators made of the Cherednik operators of the Sutherland model. However, only a little had been known about the symmetric simultaneous eigenfunctions of the conserved operators of the Calogero model that are made of the Cherednik operators [44] . Motivated by the Rodrigues formula for the Jack symmetric polynomial that was found by Lapointe and Vinet [20, 21] , we presented the Rodrigues formula for the Hi-Jack symmetric (multivariable Hermite) polynomial [22] and identified it as the simultaneous eigenfunction of the conserved operators of the Calogero model [45] [46] [47] . The multivariable Hermite polynomial is a one-parameter deformation of the Jack symmetric polynomial. They share many common properties, which reflect the same algebraic structure of the corresponding Dunkl-Cherednik operators. Moreover, the multivariable Laguerre polynomials as well as the above multivariable Hermite polynomials are investigated [1, 14, 49] .
To study the Calogero and Sutherland models including spin variables, we need the non-symmetric simultaneous eigenvectors of the Cherednik operators as the orthogonal basis of the orbital part of the eigenstate [15, 40, 41] . Such a non-symmetric simultaneous eigenfunction of the conserved operators of the Sutherland model is known to be the nonsymmetric Jack polynomial whose properties are extensively studied in mathematical context [17, 32, 33, 35, 39] . On the other hand, the simultaneous eigenfunction of the Calogero model is identified as the non-symmetric multivariable Hermite polynomial that is a one-parameter deformation of the non-symmetric Jack polynomial [2] . Some of the results for the non-symmetric Jack polynomials were translated to the theory of the non-symmetric multivariable Hermite and Laguerre polynomials [3, 28, 43, 48] . As is similar to the symmetric polynomial case, however, less properties are clarified on the non-symmetric multivariable Hermite and Laguerre polynomials than those of the non-symmetric Jack polynomials.
Recently, we investigated non-symmetric Jack and Macdonald polynomials and their symmetrization and anti-symmetrization by an algebraic formulation employing the Dunkl-Cherednik operators together with the theory of root systems [29, 30] . Through the method, algebraic constructions and evaluations of square norms for non-symmetric, symmetric and anti-symmetric multivariable polynomials can be treated in a unified way. In this paper, we shall extend and apply the above method to the multivariable Hermite and Laguerre polynomials. We shall present algebraic constructions of the non-symmetric polynomials, symmetrizations and antisymmetrizations, and evaluation of the square norms of the Hermite and Laguerre cases, which were not clarified in our previous works [28, 43, [45] [46] [47] [48] .
The outline of the paper is as follows. In section 2, we give a brief summary on the Dunkl-Cherednik operator formulation for the Calogero models. In section 3, the non-symmetric multivariable Hermite and Laguerre polynomials are introduced as the joint eigenvectors of the Cherednik operators. We also introduce a notation based on the A N −1 -root system associated with the finite-dimensional simple Lie algebra. In section 4, the algebraic construction of the non-symmetric multivariable Hermite and Laguerre polynomials are presented. Square norms of the polynomials are calculated in an algebraic manner. In section 5, we construct symmetric and anti-symmetric polynomials and compute their square norms. The final section is devoted to a summary. A proof of a lemma is presented in the appendix.
Dunkl-Cherednik operators and the Calogero models
We give a brief summary on the Dunkl-Cherednik operator formulation of the A N −1 -and B N -Calogero models [31] , which were named after the fact that the corresponding root systems appear in their interaction terms. Actually, the B N -Calogero model is the C N -Calogero model at the same time, and reduces to the D N -Calogero model by fixing the parameter b = 0. Thus the two models we shall study cover all the Calogero models associated with root systems of classical simple Lie algebras in the above mentioned sense. The Hamiltonians of the Calogero models with distinguishable particles [2, 34, 51] are expressed aŝ
1a)
where the coordinate exchange operator K jk and the reflection operator t j are defined as
and we assume that the coupling parameters a, b ∈ R ≥0 . In general, the eigenstates of the above Calogero Hamiltonians (2.1) are non-symmetric with respect to exchanges of particle indices. That is why we have called them the models with distinguishable particles. The eigenfunctions of the Calogero models are expressed as the products of inhomogeneous non-symmetric multivariable polynomials, namely the non-symmetric multivariable Hermite and Laguerre polynomials [2, 10, 28, 48] , and the reference states.
To study the polynomial part of such eigenfunctions, we introduce transformed Hamiltonians whose eigenvectors are polynomials,
where
The above reference states and their eigenvalues are known to be the ground states and the ground state energies for the A N −1 -and the B N -Calogero models with distinguishable particles and the bosonic particles. In the following, we call (2.2) instead of (2.1) the Calogero Hamiltonians. Let C[x] be the polynomial ring with N variables over C. We deal with the eigenfunctions for the original Calogero HamiltoniansĤ
} with the following canonical inner products,
, where ϕ(x) means the complex conjugate of ϕ(x). On the other hand, the transformed Hamiltonians (2.2) are hermitian with respect to the inner product on 
and the creation-like and annihilation-like operators α
where the superscript † on any operator denotes its hermitian conjugate with respect to the inner product (2.4). From these operators, two sets of hermitian and commutative differential operators d [3, 14] are constructed by
We call them the Cherednik operators [5, 6, 8, 14] . The Cherednik operators and the exchange and reflection operators satisfy
where the exchange operators K l,l+1 for l ∈ {1, 2, · · · , N − 1} are denoted by K l . In terms of the Cherednik operators, the Calogero Hamiltonians (2.2) can be expressed as
6a)
Thus we conclude that the Cherednik operators {d
give the sets of commutative conserved operators of the Calogero models. The last formula among equations (2.5b) and the B N -Calogero Hamiltonian (2.6b) imply that the parity of each variable is a good quantum number of the B N -Calogero model with distinguishable particles.
Non-symmetric multivariable Hermite and Laguerre polynomials
The Cherednik operators define inhomogeneous multivariable polynomials as their joint polynomial eigenfunctions, which are nothing but the non-symmetric multivariable Hermite and Laguerre polynomials that form orthogonal bases of the polynomial ring C[x] [2, 10, 28, 48] .
In order to investigate such polynomial eigenfunctions, we need mathematical preparations for a root system and the associated Weyl group [12] . LetǏ = {1, 2, · · · , N − 1} and I = {1, 2, · · · , N} be sets of indices and let V be an N-dimensional real vector space with positive definite bilinear form ·, · . We take an orthogonal basis {ε j |j ∈ I} of V such that ε j , ε k = δ jk . We realize the A N −1 -type root system R associated with the simple Lie algebra of type A N −1 as
A root basis of R is defined by Π := {α j = ε j − ε j+1 |j ∈Ǐ}, whose elements are called simple roots. We denote by R + the set of positive roots relative to Π and R − = −R + . The root lattice Q is defined by Q := j∈Ǐ Zα j and the positive root lattice Q + is defined by replacing Z with Z ≥0 .
We consider a reflection on V with respect to the hyperplane that is orthogonal to a root α ∈ R, and indicate it by s α (µ) := µ − α ∨ , µ α, where α ∨ := 2α/ α, α is a coroot corresponding to α ∈ R. The reflections {s j := s α j |α j ∈ Π} generate the A N −1 -type Weyl group W which is isomorphic to the symmetric group S N , W ≃ S N . For each w ∈ W , we define the following set of positive roots:
We denote by ℓ(w) the length of w ∈ W defined by ℓ(w) := |R w |. When w ∈ W is written as a product of simple reflections, e.g., w = s j k · · · s j 2 s j 1 , the length ℓ(w) gives the smallest k in such expressions. We call an expression w = s j l · · · s j 2 s j 1 , l = ℓ(w), reduced. If we take the above reduced expression, the set R w is expressed by
Though reduced expressions may not be unique for each w ∈ W , it is known that the above set R w is unique as a set for each w ∈ W [12] .
We introduce lattices P := j∈I Z ≥0 ε j and P + := {µ = j∈I µ j ε j ∈ P |µ 1 ≥ µ 2 ≥ · · · ≥ µ N ≥ 0} whose elements are called a composition and a partition, respectively. The lattice P is W -stable. The degree of the composition and partition is denoted by |µ| := j∈I µ j . Let W (µ) := {w(µ)|w ∈ W } be the W -orbit of µ ∈ P . In a W -orbit W (µ), there exists a unique partition µ
In order to deal with the eigenvalues of the Cherednik operators in terms of the lattice P , we introduce the following operators,
which relate the Cherednik and reflection operators with the lattice P . We identify the elements of the lattice P with those of the polynomial ring with N variables over C,
. Then the action of the coordinate exchange operators {K j |j ∈Ǐ} on C[x] are written as
We denote the (W -)symmetric and (W -)anti-symmetric polynomial rings over C by
±W . On the other hand, the action of the reflection operators on C[x] is expressed as
We shall use such notations quite often in the following. We denote the shortest element of W such that w −1 µ (µ) ∈ P + by w µ and define ρ(µ) := w µ (ρ) and δ(µ) := w µ (δ). The definitions of the (monic) non-symmetric multivariable Hermite and Laguerre polynomials, h
, µ ∈ P , as the joint eigenvectors for the commutative Cherednik operators {d (A,B)λ } are given by
The triangularity is defined by the order on P :
Here, the symbol d < denotes the dominance order among partitions
for all l ∈ I. We should note that the non-symmetric multivariable Laguerre polynomial is the joint eigenvector of the reflection operators t j , j ∈ I,
µ , and the parity with respect to each variable is a quantum number of the B N -Calogero models with distinguishable particles. The above formula tells that the parity of h (B) µ with respect to a variable x j is (−1) µ j . Since d (A,B)λ are hermitian operators with respect to the inner products (2.4),
and all the simultaneous eigenspaces of the Cherednik operators {d (A,B)λ } are onedimensional in the sense that the eigenvalues of {d (A,B)λ } are non-degenerate, which proves that the polynomials h (A,B) µ are orthogonal with respect to the inner product, i.e., h
In fact, the non-symmetric multivariable Hermite and Laguerre polynomials form orthogonal bases in C[x]. We readily confirm that the polynomials (3.1) are generally non-symmetric under exchanges of variables {x j }.
We should note a connection of the action of the Weyl group and the above definition of the order (3.2) for compositions in the same W -orbit. Let us compare s j (µ) and µ by the order . From the definition of the reflection, we have
When one of the reduced expressions of w µ is given by s j l · · · s j 2 s j 1 , (l = ℓ(w µ )), we can confirm the following relation,
We shall use this relation in the algebraic construction of the polynomials in the next section.
Rodrigues formula
We shall present the Rodrigues formulas for the non-symmetric multivariable Hermite and Laguerre polynomials h . In order to calculate the square norms of the polynomials, they should be monic in the sense that the coefficients of the top terms are unity. However, polynomials generated by the Rodrigues formulas presented in our previous works [28, 43] were not monic. Here we show the Rodrigues formulas that generate the monic polynomials. 
The operators {e (A) , e (A) † } were first introduced by Baker and Forrester [2] . The KnopSahi operators and the braid operators satisfy the following relations:
and 
Equations (4.3) and (4.4) yield the following relations of the raising operators, 
To calculate the coefficients, we need to know the action of the coordinate exchange operators on the polynomials. , (µ ∈ P ), we find that
Proof. The proof of the lemma is straightforward by using the definitions and orthogonality of the polynomials and the commutation relation (2.5). . By a straightforward calculation using (4.6), we can confirm
Proof of Proposition 4.1 Leth
µ , which are nothing but the second and the forth relation in the definitions of the non-symmetric multivariable Hermite and Laguerre polynomials (3.1). Since all the simultaneous eigenspaces of the Cherednik operators {d (A,B)λ } are one-dimensional, we can identifyh s j (µ) , all we have to do to construct the non-symmetric multivariable Hermite and Laguerre polynomials with a general composition µ ∈ P lying in W (µ + ) is to apply the braid operators to the polynomials h (A,B) 
Proof. The proposition is verified by (4.4) and (4.9) for α ) −1 . Now we shall calculate norms of the non-symmetric multivariable Hermite and Laguerre polynomials in an algebraic fashion using the Rodrigues formula. We also use the norms for h (A,B) 0
which are proved by certain limits of the Selberg integral [25, 26] . First we shall calculate the square norms of the polynomials with a general composition divided by those with the corresponding partition. 
Lemma 4.5 (cf. [3, 17]) For the non-symmetric multivariable Hermite and Laguerre polynomials with a general composition h
where the sequence of compositions {µ (n) |n = 1, 2, · · · l} is defined by a reduced expression of w µ as in (3.3) .
To proceed calculation, we need a property related to the reflection. For any s j ∈ W and µ ∈ P such that µ = s j (µ), the following formula holds:
because w s j (µ) = s j w µ , if µ = s j (µ). From the relations above, we can easily verify
Here we have used ρ(µ + ) = ρ, µ + ∈ P + , which follows from the definition of ρ(µ), µ ∈ P . Since the set of roots {s j 1 s j 2 · · · s j n−1 (α jn )|n = 1, 2, · · · , l} is nothing but R wµ that is uniquely determined by choosing µ ∈ P , the square norms h
can be expressed as
which are nothing but the formulas of Lemma 4.5. The square norms of the polynomials with a partition are summarized as follows.
Proposition 4.6 The square norms of the non-symmetric multivariable Hermite and Laguerre polynomials h (A,B) µ
with a partition µ ∈ P + are given by
where the Gauss's symbol [x] means the maximum integer that is less than x.
Proof. In order to calculate the square norms of the polynomials with partitions µ ∈ P + algebraically, we use the following relations
which can be verified by (4.3), (4.4) and (4.5), and the defining relations of the nonsymmetric multivariable Hermite and Laguerre polynomials (3.1). Then we have
which prove Proposition 4.6. Finally, we obtain the formulas for the square norms of the non-symmetric multivariable Hermite and Laguerre polynomials with a general composition including orthogonality.
Theorem 4.7 For the non-symmetric multivariable Hermite and Laguerre polynomials h
In terms of the eigenstates of the original Calogero Hamiltonian, the above orthogonality relations are expressed by (ϕ
. Thus we have presented an algebraic method that enables us to obtain all the nonsymmetric multivariable Hermite and Laguerre polynomials with general compositions and their square norms.
Symmetrization and anti-symmetrization
We can readily confirm that the non-symmetric multivariable Hermite and Laguerre polynomials with compositions µ lying in the same W -orbit of the partition µ + have the same eigenvalue of the Hamiltonians (2.2),
More generally, the polynomials with compositions µ ∈ W (µ + ) have the same eigenvalue of an arbitrary symmetric polynomial, e.g., any of the power sums, of the Cherednik ±W that respectively correspond to the bosonic and the fermionic eigenstates of the models. We symmetrize and anti-symmetrize non-symmetric eigenvectors, but our formulation does not use the symmetrizer or the anti-symmetrizer [2] that make coefficients of top terms different from unity. To describe the anti-symmetric eigenvectors, we introduce sublattices of P + such as P + + δ := {µ + δ|µ ∈ P + } and so forth. Other sublattices of P + in what follows are defined in a similar way. We notice that, for the B N -case, the parity with respect to each variable is restricted to even or odd since the symmetric and anti-symmetric eigenvectors are eigenvectors of the reflection operators {t j |j ∈ I} at the same time. 
whose coefficients are 
Without loss of generality, we may assume µ ≻ s j (µ) (i.e. α ∨ j , µ > 0) since the case µ = s j (µ) (i.e. α ∨ j , µ = 0) is trivial. Then the above relation is rewritten as b
where we have used 1 + (−1)
Let s j l · · · s j 2 s j 1 and {µ (n) ∈ W (µ + )|n = 1, 2, · · · , l} be a reduced expression of w µ and a sequence of compositions as have been given in (3.3) . Iterated use of the recursion relation of b
, where b
(B)± µ + µ + = 1 should be noted. By use of equation (4.15) , the above formula is cast into the following form:
Recalling the fact R wµ = {s j 1 s j 2 · · · s j n−1 (α jn )|n = 1, 2, · · · , l}, we verify that (5.4) is nothing but b 
which are the Calogero models with indistinguishable (bosonic or fermionic) particles.
The first superscripts ± on the Hamiltonians correspond to the double sign ∓ before eigenfunctions. To prove the formula of the square norms, we need the following lemma.
the above non-symmetric polynomials have been algebraically calculated by employing a language of a root system of a finite-dimensional simple Lie algebra. Through symmetrization and anti-symmetrization, we have constructed the bosonic and fermionic eigenstates of the Calogero models. The square norms of the bosonic and fermionic eigenstates are calculated from those of their non-symmetric counterparts with the aid of an identity derived by the Poincaré polynomials.
Proof. We show that the sum on the left-hand side of the above equation can be replaced by the sum on ν ∈ W (µ). Consider the isotropy group W µ = {w ∈ W |w(µ) = µ} for the partition µ ∈ P + . Since an element w ∈ W µ \ {1} can be written by a product of simple reflections fixing µ, {s i |i ∈ J ⊂ I}, there exists at least one simple root α i ∈ Π associated with the reflection s i in the set R w . Hence, for w ∈ W µ \ {1}, we have
Define W µ := {w ∈ W |ℓ(ws i ) > ℓ(w) for all i ∈ J}. For w ∈ W , there is a unique u ∈ W µ and a unique v ∈ W µ such that w = uv. The formula R w = R v ∪ v −1 R u shows that, if v = 1, the product on α ∈ R w in (A.3) vanishes. Thus we obtain the above lemma since the sum on w ∈ W on the left-hand side of (A.3) can be replaced by that on u ∈ W µ which is equivalent to that on ν ∈ W (µ). In the formal limit q → 1 under the restriction t = q a , we have the relation in Lemma 5.2. The formula in the anti-symmetric case is proved in a similar way.
